Classification of Hypersurfaces with Two Distinct 
Principal Curvatures and Closed Moebius Form in 



Limiao Lin and Zhen Guo 

Abstract: Let x be an m-dimensional umbilic-free hypersurface in an (m+l)-dimensional 
unit sphere S m+1 (m > 3). One of important questions is to classify hypersurfaces with 
two distinct principal curvatures. In this paper, we classify and explicitly express the 
hypersurfaces with two distinct principal curvatures and closed Moebius form, and then 
we characterize and classify conformally flat hypersurfaces of dimension larger than 3. 

Keywords: Moebius geometry, Principal curvature, Conformally flat, Moebius form 

MR(2000) Subject Classification: 54A30, 53C21.53C40 

1 Introduction 

Let x : M" 1 — » S m+1 be an m-dimensional umbilic-free hypersurface in an (m+1)- 
dimensional unit sphere S m+1 and {e, } a local orthonormal tangent frame field of x for 
the standard metric I = dx ■ dx with dual frame field {#,}. Let // = £y ^ififij be the sec- 
ond fundamental form and H the mean curvature of x. Define p 2 = -^\U - ^tr(II)I\ 2 , 
then positive definite 2-form g = p 2 I is invariant under Moebius group of S m+1 and 
is called Moebius metric of x. Three basic Moebius invariants of x, Moebius form 
<D = 2; CiOi, Blaschke tensor A = p 2 Yiij^-ififij and Moebius second fundamental form 
B = I^jBififij, are defined by{M) 

C, = -p~ 2 {e t {H) + Yflkj ~ H6 u )ej(Jogp)), (1.1) 
Aij = -p~ 2 (Hes Sij (logp) - e i (logp)e j (logp) - Hh u ) - ^p- 2 (\\Vlogp\\ 2 - 1 + H 2 )6 U , (1 .2) 
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B ij =p- 1 (h iJ -H6 ij ), (1.3) 

where HesSjj and V are the Hessian matrix and the gradient with respect to the induced 
metric I = dx ■ dx. We call the eigenvalues of B are Moebius principal curvatures of x. 

In Moebius geometry, since the eigenspaces of the Moebius second fundamental 
form B coincide with the eigenspaces of the (Euclidean) second fundamental form II 
of x, the number of distinct principal curvatures is a Moebius invariant. From IfTTI we 
know a hypersurface in S m+1 with two distinct principal curvatures is Dupin hypersur- 
face if and only if its Moebius form vanishes. Pinkall [[51 shows that Dupin conditions 
can be naturally formulated in the context of Lie sphere geometry and that they are in- 
variant under the group of Lie sphere transformations. In 1985, Ceceil-Ryan [4] have 
proved that all Dupin hypersurfaces in S" ,+1 is equivalent by Lie sphere transformation 
to S*(r) x S m -*( Vl - r 2 ) and so they gave classification of hypersurfaces in S m+l (m > 3) 
with two distinct principal curvatures and vanishing Moebius form under the Lie sphere 
transformation group. Note that the Lie sphere transformation group contains the Moe- 
bius transformation group in S m+1 as a subgroup. In 2002, Li-Liu-Wang-Zhao [fTTII classi- 
fied hypersurfaces in S m+1 with two distinct principal curvatures and vanishing Moebius 
form under the Moebius transformation group. Now we are interested in: How about 
hypersurfaces in S" ,+1 with two distinct principal curvatures and non-vanishing Moebius 
form under the Moebius transformation group? In lfT51 . lfT6ll . Z.Guo and other authers 
classified all hypersurfaces with isotropic Blaschke tensor and all hypersurfaces with 
constant Moebius curvature. They obtained all these hypersurfaces have two distinct 
principal curvatures and closed non- vanishing Moebius form. Here we will classify all 
hypersufaces S m+1 (m > 3)with two distinct principal curvatures and closed Moebius 
form. 

For the purpose to make our main results intuitional, we use the following notations: 
R™ +3 denotes Lorentz space with the inner product (•, •) given by 

(Y, Z) = -y z + y\z\ + •■•+ y m +2Z m +2, 

where Y = (y ,y u --- ,y m+ i\Z = (z ,z u ■ ■ ■ ,z m+2 ) e R" ,+3 . C™ +2 and Q" !+1 denote the 
positive light cone and the quadric in real projection space RP m+2 , which are defined as 
follows: 

c „ 1+ 2 = {Xe R m+3 . _ Q > Qj ; 

Q m+1 = {[Y] e RP m+2 : (Y, Y) = 0}. 
Let H m+1 be the hyperbolic space defined by 

U m+l ={(yo,y 1 )eR + xR m+l \-yl + y 1 y l =-l}. 
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Now let <x : R'" +1 — » S be the inverse of the stereographic projection given by 

1 - \u\ 2 2u 

tr( M ) = (— LL,__), (1.4) 
1 + \u\ 2 1 + \u\ 2 

and r : H m+1 — > S'" +1 be the conformal map defined by 

r(jo,yi) = (-,^),(y ,v 1 )ee m+1 . (1.5) 

The conformal maps a and t assign any hypersurface in R m+1 or ET +1 to a hypersur- 
face in S" !+1 . We use map n : C" ,+2 — > <2" !+1 to denote the nature projection. For a 
hypersurface jc : M m — > we have map 

X:=7r(l,x):M m ->Q m+1 , (1.6) 

which is determined by the immersion x and is called the natural map of x. It is known 
that two hypersurfaces x,x~ : M m — > S m+1 are Moebius equivalent if and only if whose 
natural maps X, X : M m — > Q m+1 are equivalent under the action of Lorentz group 0(m + 
2, 1). Now we state the main theorem as follows: 

Theorem 1.1 Let x : M m — > S m+l (m > 3)be a hypersurface with two distinct principal 
curvatures and closed Moebius form. Then x, up to a Moebius transformations ofS m+l , 
is locally one of the following hypersurfaces: 

(1 ) the standard torus S k (r) x S m- *( Vl - r 2 ); 

(2) the image of a of the standard cyclinder S*(l) x R m ~ k c R m+1 ; 

(3) the image ofr of the standard S k (r) x W'- k { Vl + r 2 ) in H m+1 ; 
(4) 

x(M) = o-(TxR m - 1 ), TcR 2 , 

where Y is any smooth curve in R 2 ; 

(5) for any negative constant a, 

X(M) = 7r(H m_1 (l/ V^) x r) , T c S 2 (l/ V 3 ^), 

where Y is any smooth curve in S 2 (l / yf-a); 

(6) for any positive constant a, 

X(M) = n(Yx S w_1 (1/ yfa)) , Y c H 2 (l/ yfd), 
where Y is any smooth curve in H 2 ( 1 / -y^)- 

The hypersurfaces in the first three cases have vanishing Moebius form and they are 
Dupin hypersurfaces, but the hypersurfaces in the last three cases have non-vanishing 
Moebius form and then they aren't Dupin hypersurfaces. In §6 we will characterize 
umbilic-free conformally flat hypersurfaces in S m+1 (m > 4) as hypersurfaces with two 
distinct principal curvatures and then get Corallary 1.1 
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Corollary 1.1 Let x : M m — » S'" +1 fm > A) be a umbilic-free conformally flat hyper- 
surface with closed Moebius form. Then x, up to a Moebius transformations of§ , is 
locally one of the following hypersurfaces: 
(1) 

x(M) = o-(Y x R'"- 1 ), Y c R 2 , 

where Y is any smooth cave in K 2 ; 

(2) for any negative constant a, 

X(M) = n{R m -\\i^) x r) , r c S 2 (l/ V 3 ^), 

where Y is any smooth curve in S 2 (l / yf-a); 

(3) for any positive constant a, 

X(M) = n(Yx S w_1 (1/ yfa)) , Y c H 2 (l/ yfd), 
where Y is any smooth curve in H 2 ( 1 / -\[a). 

Remark 1.1 Cartan proved that any conformally flat hypersurface with dimension m > 
4 is (piece of) a branched channel hypersurface (envelope of a 1 -parameter family of 
spheres). Cartan' s result was re-proven several times H7\l . Our Corollary 1.1 further 
more explicitly expresses conformally flat hypersurfaces with closed Moebius form. 

For the purpose of making the procedure of the proof of Theorem 1.1 and Corol- 
lary 1.1 clear, we organize the main context of the paper as six parts. In §2 we give 
the structure equations, the Moebius invariants of general m-dimensional hypersurfaces 
in S m+1 . In §3, firstly, we study the general hypersurfaces with two distinct principal 
curvatures and get the local express of their basic Moebius invariants (Prop.3.1, Lem.3.1 
and Lem.3.2). Secondly, we focus on hypersurfaces with two distinct principal curva- 
tures and closed non- vanishing Moebius form and get Thm.3.2. In §4 we obtain the 
differential equations characterizing the hypersurfaces with two distinct principal curva- 
tures and closed non-vanishing Moebius form (Thm.4.1). In §5 we treat the differential 
equations given in §4 and classify the hypersurfaces. In §6 we characterize umbilic-free 
conformally flat hypersurfaces in S m+1 (m > 4) and then get Corollary 1.1. 



2 Moebius invariants for a hypersurface in S m+1 

In this section we define Moebius invariants and recall the structure equations for hyper- 
surfaces in S" ,+1 . For the detail we refer to [6]|. 
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Let x : M m — > S m+1 c R m+2 be an umbilic-free hypersurface immersed in S m+1 . We 
define the Moebius position vector Y : M m — > R" l+3 of x by 

Y = p(l,x) : M m -> R" ,+3 ,p 2 = (||//|| 2 - mH 2 ) > 

m - 1 

Then we have following 

Theorem 2.1 (7H|/) Two hypersurfaces x,~x: M" 1 — » S" !+1 are Moebius equivalent if and 
only if there exists T in the Lorentz group 0(m + 2, 1) acting on R" !+3 such that Y = YT. 

Since the Moebius group in S m+1 is isomorphic to the subgroup + (m + 2, 1), which 
preserves the positive part of the light cone in R" i+3 , from theorem 2.1 we know 2-form 

g = (dY,dY)=p 2 dx-dx (2.1) 

is a Moebius invariant and called the Moebius metric or the Moebius first fundamental 
form induced by x (cf. O, Ifflfl . lfT9l ). Let A denote the Laplacian of g, then we have 
(AY, AY) = 1 + -^R, where R is the scalar curvature of g. By defining 

AT = --AY - + -^—R)Y, (2.2) 

m 2m z m — 1 

we have 

(Y,Y) = (N,N)=0,(Y,N) = 1. 

Moreover, if we take a local orfhonormal basis {£,} with respect to g with dual basis 
Denoting E,-(Y) by Y h we have 

(Y h Yj) = 6 iJt (Y h Y) = (Y h N) = 0,l< i, j < m. 

Let V be the orthogonal complement of span{Y,N, Y { } in R'" +3 . Then we have the 
orthogonal decomposition 



= span{Y, N) ® span{Y u ■ ■ ■ , YJ © V. (2.3) 



Let £ be a unit vector field of V, then {Y, N, Y\, ■ ■ ■ ,Y m ,E] forms a moving frame in 
R" !+3 along M. We make use of the following convention on the ranges of indices: 
1 < i, j,k, - ■ • < m, then the structure equations are given by 

dY = Y j u) i Y h (2.4) 
dN = ^ AijOJjYi + ^ QcOiE, (2.5) 

ij i 

dYi = - ^ AfjCOjY - cOiN + ^ oJijYj + £ B^E, (2.6) 
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dE = ~Y u QiOiY - J] BtjUjYi, (2.7) 

i U 

where ajjj is the connection form of the Moebius metric g, and Au and B t j are symmetric 
with respect to (if). It is clear that A = Zi/Ai/^ ® B = £y <S> cuy, <I> = £i Q^; 
are Moebius invariants and called the Blaschke tensor, the Moebius second fundamental 
form and the Moebius form, respectively. 

Remark 2.1 The relations between A, B, O and Euclidean invariants of x are given by 
(1.1), (1.2) and (1.3). 

Let Rijku Rij and R be components of the curvature tensor, Ricci curvature tensor 
and scalar curvature of the Moebius metric, respectively. By exterior differentiation of 
structure equations, we can get the integrability conditions for structure equations as 
followsflEl): 

Aij,k - A ik j = B ik C j - BijC k , (2.8) 
Qj - Cjj = ^ B ik A kj - ^ B jk A kh (2.9) 

k k 

Bij,k - B ik j = 6jjC k - 8i k C j, (2.10) 

R ijU = B ik Bji - Bi,B jk + 6 ik Aji + 6j,A ik - 8 u A jk - S jk A a , (2.11) 

R u = - ^ B ik B kj + tr(A)5ij + (m- 2)A U , (2.12) 

k 

HA) = + -^—R), V B a = 0, YiBijf = (2.13) 

' y 

where {A^J^B^^} and {C,j} are covariant derivatives of A, B and tD with respect to the 
connection induced by g. From (2.10) and (2.13) we have 

Y j B ijJ = -(m-l)C j . (2.14) 
Remark 2.2 Some recent results about the Moebius geometry of submanifolds can be 

found in ^MMM,nSil,BIB,fiBl,fiBti,fiB$, UBS and Ml/. 

3 The Moebius invariants of hypersurfaces with two dis- 
tinct principal curvatures and closed Moebius form in 

g>m+l 

The goal of this section is to determine the basic Moebius invariants {g, <I>, B, A} of a 
hypersurfaces with two distinct principal curvatures and closed Moebius form in S m+1 . 
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Let x : M m — » S m+1 c R m+2 (m > 3) be an umbilic-free hypersurface with two distinct 
principal curvatures. It was showed by Li-Liu-Wang-Zhao lOH that x has two distinct 
constant Moebius principal curvatures, which are given by 



1 (m-l)(m-fc) 1 (m-l)k 

A = ~V 1 = V j~> C 3 - 1 ) 

my /c m y m — k 

where k is the multiplicity of A. 

Now we prove our the following two propositions. 

Proposition 3.1 Let x : M m — > S m+1 c R m+2 be a hypersurface with two distinct princi- 
pal curvatures, then there are only two cases happen: 

(1) Moebius form Q>ofM vanishes; 

(2) Moebius form Q> of M doesn't vanish but M has two distinct Moebius principal cur- 
vatures — and —— of multiplicities 1 and m - 1. 



Proof£ Since the Moebius second fundamental form B has eigenvalues A and of 
multiplicities k and n - k, we can define two distributions V\ and V2 as follows: 

Vi = [j V,(p),V 2 = [j V 2 (p), (3.2) 

peM peM 

where V\(p) and Vz(p) are the eigenspaces, corresponding to eigenvalue A and /i of 
Moebius second fundamental form B at a point peM, with dim{Vi(p)) = k and 
dim(V 2 (p)) = m-k. Thus we have decomposition 

TM = V\® V 2 . (3.3) 

We can choose a local orfhonormal tangent frame field Ei, ■ ■ ■ , E m of T(M) in a neigh- 
borhood of a point peM, such that V\ = span{E u ■ ■ ■ ,E k } and V 2 = span{E k+l , ■ • • ,E m }. 
For convenience, we make the following convention on the ranges of indices: 

1 < i, j,k,l < m; 1 < a,b,c < k;k + 1 < a,B, y < m. 

Then under the basis {E a , E a ) we have 

B a j = AS aj , B aj = fiS aj , (3.4) 

So we have 

/ \ Babj^j = dB ab + 2^ Bii,aj ia + 2^ B ai oj ih = 0, (3.5) 

j i i 

B aa jU)j = dB aa + ^ B ia (x>ia + ^ B ai (x>ia = (Baa - B aa )a) aa , (3.6) 
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Ba/sjUj - dB af} + ^ BjfjOjja + 2^ Bm^ip - 0, (3-7) 

j i i 

From (3.5)-(3,7) we have B ab j = 0, B a/3 j = 0. Thus from (2,10) we get 

Baa,b — B a b a + S aa Cb 5 a t,C a — 8 a \jC a , (3.8) 

B aa fi = B a p a + d aa Cp — 6 a pC a = —6 a pC a , (3.9) 
From (2.14), (3.8) and (3.9) we have 

-(m - \)C a = ^ B jaJ = -(m - k)C a , 

j 

-(m - \)C a = Bjaj = -kC a , 
j 

which show that 

(k - \)C a = 0, (m - 1 - k)C a = 0. (3.10) 

If O ^ 0, there exists a point p e M such that *D(p) + 0. From (3.10), we know k = 1 or 
k = m - 1 at p and also on M. Without generality, we can assume k = 1 and then 

m — 1 1 
A = ,p = . 

m m 



It completes the proof. 



The hypersurfaces in the first case of Prop. 3.1 have been classified by Li-Liu-Wang- 
Zhao. 

Theorem 3.1 (/EH/) Let x : M m — > S m+1 (m > 3)be a hypersurface with two distinct 
principal curvatures and vanishing Moebius form. Then x is Moebius equivalent to an 
open part of one of the following hypersurfaces in S m+1 ; 

(1 ) the standard torus S k (r) x S'"- k ( Vl - r 2 ); 

(2) the image of a of the standard cyclinder S*(l) x R m ~ k c R m+1 ; 

(3) the image ofr of the standard S k (r) x H OT_fc ( Vl + r 2 ) in H" ,+1 . 

On the following we focus on discussing the second case of Prop. 3.1 i.e <I> ^ 0. 

Let x : M" 1 — > S m+1 (m > 3) be an umbilic-free hypersurface with two distinct Moe- 
bius principal curvatures of multiplicites 1 and m - 1, respectively. For convenience, we 
make the following convention on the ranges of indices: 

1 < i, j, k, I < m; 2 < a,B, y < m. 

Choose a local field of orfhonormal tangent frame {E\,E 2 , ■ ■ ■ , E m ) of T(M) in a neigh- 
borhood of a point p e M such that E\ is a basis of V\ and E 2 , • • • , E m is a basis of V 2 . 
Then under the basis {Ei,E a }, we have 

m — 1 

B\i = Su,B a j = 6 a j, (3.11) 

m m 
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Bnj - 0,B a pj - 0,Bi a j - -C\6 a j,C a - 0,a>\ a - -C\to a . (3.12) 

Hence, we have d(x>\ = coj A coji = 0. According to Frobenius theorem, it implies 
distribution V 2 = span{E 2 , ■■ • ,E m ) is integrable. We denote the integral manifold of V 2 
by N m ~ l . Then, locally, we have decomposition 



m— 1 



M m = Lx N' 

where L is an interval in R 1 . For each u e L, g induces a positive metric ~g = g|{„} X jy»-i 
on {u} x N m ~ l . We will give the relationship of curvatures between {«} x N'"~ l and 
M m . Let R a jiys, R a p and R denote the components of curvature tensor, the components of 
Ricci curvature tensor and scalar curvature of ({«} xN m ~ l ,~g) under the basis E 2 , ■ ■ ■ ,E m , 
respectively. 

Lemma 3.1 

(3.13) 

Rx a xp = {-^-C\)8 a p, (3.14) 
R\apy — Ep{Ci)8 ay — Ey(Ci)8 a p, (3.15) 
where 8 a ^ = 8 a y8p A - 8 aA 8p T 

Proof£ Choose Ey = Jj, then {ojy = du, a> a } is the dual frame of {Ey,E a } and g = 
du 2 + g, where g = gljuixv™- 1 = Z ff ^l- L et denote components of the connection 
form induced by (M, g) under the basis {2?i,2?2» ' ' ■ >E m ] and ai^ denote components 
of the connection form induced by ({w} x N'"' 1 ,]*) under the basis {E 2 , • • • ,E m ). Then 
satisfy 

d N 0) a = ^ e^g A a)fj a , da> a = a>\ A + ^ a>yg A 0;^. (3.16) 

where J w denotes the exterior differential operator on T*N m ~ l . Because the exterior 
differential operator on T*(L x N m ~ l ) is d = du A £ + d N , then from (3.16) and (3.12) 
we get 

r doj a 
du 

which implies that there exists function a a p such that 



du A (-^ + C^J = ^ ^ A (w^b - c^J, (3.17) 



5 

a) a p - a> a p + a a pdu,a a fj — a> a p(—)- (3.18) 
Now we calculate the curvature tensors. Firstly, 

-— ^ R a pyACOy A U)\ = dNOJaf) ~ ^ &>ay A COyfj, (3.19) 
yA y 
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-- ^ R a pijWi A OJj - d0J aji - 0J a \ A OJ\p - ^ 0J ay A OJ 
V^l 2 dO) a n 

= d N oj a p - y OJay A oj y p + Cj oj a A ojp + du A (— — 



— d^a a p — ^ dayOJyP + ^ ClypOJay). (3.20) 

r r 

Combining (3.19) with (3.20), we get (3.13) immediately. Secondly, 



-- ^^RlaijOJj A 0»y - d0J\a - ^ A OJp a 



2 ,7 

= -(-^- - C { )oji A oj a — E p {Cx)ojp A oj a , 

we get (3.14) and (3.15) immediately. 

Next step we will check the following Lemma. 

Lemma 3.2 For fixed u, ({u} x N m ~ x , g) has constant curvature. 

ProofE Under the chosen basis {Ei,E 2 , ■ ■ ■ ,E m ) in Lem.3.1, from (3.14) and Gauss 
equation (2.1 1), we have 

dC\ 9 m — 1 

-T 2 -C? = 5- +A n +A aa ,V2<a<m, (3.21) 

which implies all A aa are equal (2 < a < m). Denote An = r\,A aa = r 2 , from (2.11) 
there holds 

R af 3a/3 = —2-+2r 2 ,a^fi. (3.22) 
Hence, from (3.13) in Lemma we have 

1 1 2 



We will proof 

1 

2 

In fact, from (2.1 1) and Lem.3.1, we have 



E a (r 2 + ^C\) = 0. (3.23) 



A aP = 0,a±/3, 
Ep(C\)8 ay - Ey(C\)S a /j = Aip5 ay - AiyS a p, 

and then 

A aP = r 2 d ap ,Aip = E p {C{). (3.24) 
10 



After calculating the covariant derivations of A a p from (3.24) and (3.12), we get 

Kp,\ = E\(rz),A a p tJ = E y (r 2 )S a p - Ci(A al 8 Py + A l/3 6 ay ). (3.25) 

Because C a = 0, then A aj3>7 = A ay ^. So from (3.25) we have 

E y (r 2 )6 a/j - E{s(r 2 )8 ay = C^A^S^ - A ly 8 aP ). (3.26) 

By taking a = f$±y, (3.26) implies 

E y (r 2 ) = -C x A Xy . (3.27) 

Combining (3.27) with (3.24), we get (3.23). So we know ({«} x N m - l ,J) has constant 
curvature. 

From Lem.3.2 we can choose the local coordinate (w, v 2 , • • • v,„) of M such that the 
Moebius metric g is expressed as follows: 

g = du 2 + e 2p{u ' V2 '- ' Vm \dv\ + ■■■ + dv 2 n ), (3.28) 

where e {:) denotes exponential function exp, p is a smooth function on L x N. Then 

<x>\ = du, u> a = e p dv a , iO\ a = -C\e p dv a . 

E x = —,E a = e- p —. (3.29) 
ou ov a 

Now let x : M m S m+1 (m > 3) be an umbilic-free hypersurface with two distinct 
Moebius principal curvatures of multiplicites 1 and m - 1 and closed Moebius form. 
Because d® = 0, locally, there exists a smooth function / = f(u) such that tD = df, C { = 
/'. From (2.9), we know that Blaschke tensor A and Moebius second fundamental form 
B are diagonalized simultaneously. 

Lemma 3.3 The function p in (3.28) satisfies 

p(u, v 2 , ■ ■ ■ , v m ) = -f{u) + h(v 2 , ■■■ , v m ), (3.30) 

and connection forms with respect to g, except a>\ a , can be written as 

dh dh 

Map = -^—dvp - —dv a , (3.31) 

OV a OVp 

where h is a smooth function on N. 
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Proof£ One hand, from the second equation of (3.29) we have 

dco a = e p dp A dv a . 
On the other hand, from the third equation of (3.29) we have 

m 

dco a = co i A coi a + ^ cop A cop a = -f'e p du A dv a + e p ^ dvp A cop a . 
Thus we have equation 

m 

(dp + f'du) A dv a = 2_, A dv y . (3.32) 



Noting that 



and 



we have 



7=2 



d d 

(dp + fdu)A dv a (—, — ) = (p u + / )8 afj , 

OU OVp 



± j co^Adv y (-,—) = co afj (-), 



7=2 



which yields 



(Pu + f')8a(3 = co a p(-^), 

Pu +f = 0, co ap (—) = 0. (3.33) 

OU 

From the first equation of (3.33) we have (3.30). From the second equation of (3.33) we 
see that co a p can be expressed as 

m 

°> a p = a a[}ydVy, 

@a(ly ~ "'pay 

(3.34) 

7=2 

By putting (3.33) and (3.34) into (3.32) we have 

X/^<V + a ay p)dv y A dvp = 0, 

Ar 7 

then 

dp dp 

^ a P~Q^ — ^ ay ~dv~ ~ a °^ y ~ a ° y P' (3.35) 
Since a a p y = -ap ay , from (3.35) we can get 

d P x dp x n iz\ 

a aj3y - T °py _ T — °ay {3. JO) 

OV a OVp 

(3.36), (3.34) and (3.33) imply (3.31). We complete the proof of Lemma 3.3. 
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Lemma 3.4 



d 2 h d 2 h dh 9 dh 9 o7z , 

°v 2 a dv 2 oV r dv a dv p 

A aa = r 2 = \(ae 2f - (J'f - \), 
2 m 

An = n = /" - \(f? + ^ - iae 2 /. (3.37) 



where a is a constant. 



Proof£ Put (3.29)-(3.31) into (3.20), we get 

2 d 2 h d 2 h d 2 h d 2 h dh dh 

-e R a pyA - TJ q <5/J,l _ q a $07 ~ o q — ^ + o q — <^Q7 _ q o — <W 

OVyOVo, OVxOVa OV y OVp OV^OVp dv a dv y 

dh dh dh dh dh dh , „, ~ - 5/? 



an a/i an an an an 2 2 ^ an 2 

+ T— T— <W + ^ - <V + ((/ ) e + / )<W' 

aVo, av^ dvpdVy dvpdv A dv E 



then 



9n d 2 h d 2 h , 9 9„ \ i dh 9 a7z 9 a/z 9 

= - H - tt - if fe 2p - V (^) 2 + (t— ) 2 + (^) 2 -« * P (3.38) 
dv;; aV 2 dv y dv a dv p 

Let 

9 , 1r d 2 h d 2 h , dh sl ,dh~ ,dh ~ 
a a/3 (v) := e~ 2h [-— - — - > (— ) 2 + (— ) 2 + (— ) 2 ], (3.39) 
ovj aV^ *- J av r av a av^g 

then (3.38) is equivalent to 

= e 2/ a ff/? (v) - (/' ) 2 , a * J3. (3.40) 

On the other hand, from Lem.3.2, we know a a/} is independent of the choice of a and ft. 
Let a(v) denote a a p, then from (3. 21), (3.22) and (3.13) there hold 

A aa = r 2 = l -(e 2f a(y) - (f) 2 - \), (3.41) 
2 m z 

An = n = f" - \{ff + - \^aiy\ (3.42) 

R a/3a/3 = a(y)e 2f ,a^/3, (3.43) 

From Lem.3.2, we know R a p a p is independent on v and then a(v) is constant from (3.43). 
Hence we get (3.37). 

We view quadratic form g = e 2h (dv 2 + ■ • ■ + dv 2 n ) as a metric on manifold N'"~ l . It is 
easy to see that the connection forms, denoted by a> a p, with respect to this metric, are 

dh J dh , „ AAS 
Map = Map = -^—dvp - —dv a . (3.44) 

dv a dv p 
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Let R denotes the curvature induced by (o a p, which means 

~ ^ Ra(3y E e 2h dv y A Jv e = doj afi - ^ Way A 0). 



ys 

d 2 h 8 2 h ^ dh , dh „ 3/i 



o n o n v~i o#z o o/i o on , 

= "Si " ft? " + W + W ' (3 ' 45) 



where a + J3. From (3.37) in Lemma 3.4 we get 



Rapap = a. (3.46) 

Now that metric g on jV" ,_1 has constant curvature a, there exist local coordinates, for 
convenience, denoted by using same symbol (v 2 , • • • , v m ) as above, such that 

dvl + ■ ■ ■ + dv 2 
8 = — (3 47) 

8 (1 + >II 2 ) 2 ' 1 ; 

where ||v|| 2 = ZL 2 v 2 . 

By suming up above all, we come to the following conclusion: 

Theorem 3.2 For a m(> 3)-dimensional hypersurface M m with two distinct principal 
curvatures and closed non-vanishing Moebius form in S'" +I , under suitable local coor- 
dinations (u, v a ), the Moebius invariants of M m can be expressed as follows: 

g = du 2 + e~ V{u \e 2h(v) V dv 2 a ), (3.48) 

a 

l du 2 --e- 2 I {u) {e 2h(v) Y dv 2 a ), (3-49) 



B 



m m 

a 

€» = f'du, (3.50) 
A = n du 2 + r 2 e~ 2f(l '\e 2h(v) V dv 2 a ), (3.51) 

a 

where f = f(u) is a smooth function and 

rx = f" ~ \iff + ^ - \ae 2 f, r 2 = Uae 2 * - (f) 2 - -I), (3.52) 

2 2m l 2 2 

and function h(v) is given by 

/z(v) = -log(l + |||v|| 2 ). (3.53) 

Theorem 3.2 shows that the all Moebius invariants in structure equations are de- 
termined by function / and h in (3.53), and so we can get the hypersurface M m by 
integrating the structure equations. We will complete the procedure in the next section. 



14 



4 The differential equations of the hypersurfaces M m 
with two principal curvatures and closed non- vanishing 
Moebius form 

In this section we derive the differential equations of the Moebius position vector func- 
tion Y. 

From the structure equations (2.4) - (2.7), by using(3.48)-(3.53), we have 



t dY 

dY = Y u du + V —dv a , 

dN = (r x Y u + f'E)du + r 2 V — dv a , 
dE = -(f'Y + ^—^-Y u )du + - V ^dv a , 

m m OVr, 



m 

m — 1 



dY 

dY u = -( n Y + N - ^—^-E)du - f V — dv a , 

m OVry 



(4.1) 

(4.2) 
(4.3) 
(4.4) 



dE a (Y) = -e p (r 2 Y + N + -E - f'Y u 

m 



+e 



_ 2p v dh dY., _ v dh dY 

^ dvp dv p dv a dvp 



Noting that E a = e~ p -£^, from (4.1) - (4.5) we get 



m — 1 

Y uu = -(r l Y + N E); 



m 



N u = ri Y u + f'E, ^-=r 2 ^; 

m - 1 dE I dY 
E tt = -(f'Y+——Y u ), — = 



in 



dv a m dv a ' 



dudv a dv a 



1 



(r 2 Y + N+-E- f'Y u )8 a e = -e f F a0 , 



m 



where we set 



F nR = ef~ 2h 



d 2 Y dh dY dh dY ^ dh dY 

(-— + --) + £ 



dvpdv a dvp dv a dv a dv^ 



(4.5) 



(4.6) 

(4.7) 
(4.8) 
(4.9) 
(4.10) 

(4.11) 
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On the following we concentrate on the solution of the partial differential equations 
(4.6)-(4.10). From (4.6) and (4.10) we have 



E = (r l -r 2 )Y+Y MI +f'Y l< -e f F aa , 



(4.12) 



and 



(m-1 )ry + r\ m-1 , 1 m-1 f 

N = -- — -Y + f'Y u - -Y uu e f F a 

m m mm 

2 /+f" + ± 



(4.13) 



From (4.8) and (4.12), noting r\-r 2 = -ae 1 +/" + ^> we know that Y satisfies equations 
Y mu + f'Y m + (/" + (n - r 2 ) + )Y U + ((n - r 2 )' + f')Y = (F aa e f ) u , (4.14) 



in 



The equation (4.9) implies 



Thus we have 



Put this into (4.1 1) we have 



3- 



■(e f Y) = 0. 



dv a du 
Y = e- f (m + n(v))- 



T7 - *- 2h 



d 2 T] dh dr\ dh drj 



dv a dvR dv a 8vr 8vr dv a 



+ 



Zdh dr] 



(4.15) 
(4.16) 

(4.17) 



Let rj = e h g, then we have 



a/3 



d 2 h dh dh + y-i dh 2 ^ 



OV a dVp 



V dh d£ 



(4.18) 



From (4.10) we see that F aB satisfies 



F aa = Frr, F a a = 0, a ± /3. 



(4.19) 



Thus, from (4.18) we have 



dv a dv 



d 2 h dh dh 



dv a dv B dv a dv 



and 



d 2 £ + ^d 2 h dh dh _ d 2 £ + ^d 2 h dh dh 
dv 2 a dvl dv a dv a dvl dvl dvpdvp 



Since the function h is given by (3.53), we have 

d 2 h dh dh 
dv a dv B dv a dv B 



0, a ±/3, 



(4.20) 



(4.21) 



(4.22) 



16 



and 

d 2 h dh dh _ d 2 h dh dh 

dv 2 a dv a dv a dvj dv p dv p ' 

From (4.20)-(4.23) we get 



d l t d l t d l t 

0, ^4 = -4, a±fi, (4.24) 



dv a dv p dv 2 a dvj 

which shows 

m 

^=||v|| 2 ^+^vX + c, (4.25) 

a=2 

where a, b a and c are constant vectors. By putting (4.25) into (4.18) and using (3.53) we 
have 

F aa + arj = 2a + -c. (4.26) 

Now we consider the unknown function By substituting (4.16) into (4.14), we 
have 

r _ _ ( _ ae 2, + {f) l _ f „ + , )f , _ afe lf^ 

2 

From (4.25), (4.26) and (4.27) we come to the following conclusion: 

Theorem 4.1 Let Y be the Moebius position vector of the immersion x : M m — » S m+1 
with two principal curvatures and closed Moebius form which is non-vanishing. Then 

Y = e~ f{u \m + 77(v)), 

where vector function rj is given by 

m 

m = e h ^{\\v\\ 2 d + £ vj a + cO, (4.28) 

a=2 

£ satisfy (4.27) and functions h(y) is given by (3.53). 

Remark 4.1 The conditions satisfied by constant vectors a, b a , c will be given in the next 
section. 

5 The classification theorem of the hypersurfaces with 
two principal curvatures in S m+1 

In this section we classify the hypersurfaces with two principal curvatures in S" !+1 . The 
goal is to prove Theorem 1.1 stated in §1. From Prop. 3.1, Thm.3.1 and Lem.3.2 we see 
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that it is necessary to determine the constant vectors a, b a , c in Theorem 4.1. It is from 
Thm. 3.2 and Thm. 4.1 that the Moebius position vector Y of the immersion x satisfies 
the following conditions: 

Y = e- f (£(u) + ri(v)), <Y,Y>=0, (5.1) 
dY 8Y 1 8Y 3Y dY 8Y 2f+2 , /c ^ 

OU OU OU OV a OV a OVp 



Lemma 5.1 Let a, b a , c and g are the quantities given in the theorem 4.1. Then we have 
following identities: 

<£ + c,£ + c>=0, >=e 2f ; (5.3) 

+ c,b a >=0, <£ + c,2a-^c> +1 =0; (5.4) 

< b a , bp >= 6 a p, <2a- -c, b a >= 0, <2a- -c, 2a - >= a. (5.5) 
Proof£ (5.1) implies 

<£ + T],Z + T]>=0, 

for all (u, v). In particular, if we take v = then we have /(0) = 0, 7/(0) = c and so have 

<£ + c,£ + c>= 0, 

which is the first equation of (5.3). Noting that the first equation of (5.2) implies 

e- 2 f(-2f <{ + n,? > + <f,f >) = 1, 

As 77(0) = c we have 

e- 2 f(-2f + > + <?,? >) = 1, 
Since the first equation of (5.3) implies < £ + c, >= 0,we have 

<r,r >= e 2 f, 

which is the second equation of (5.3). 

From the definitions of h and 77 we have 

dh a , dr] a h h 

= ~~v a e , — = --v a e r] + e (2v a a + b a ), 
ov a 2 ov a 2 

d 2 ri h a a dh a dij dh -> 

"TT = e i—zn - zVa-z—T] - -v a - — (2v a a + b a ) + 2a). (5.6) 

OV a 2 2 OV a 2 OV a OV a 



18 



Hence we have 

Uo = b a , t-tIv=o = 2a- -c. (5.7) 

dv a dv L a 2 

We see that (5.1) and (5.7) imply 

dY 7 , dn 

0=<Y,— >= e - 2 i <t + r,,— '->, 

dv a ov a 

which yields 

<? + „,^>=0, 

dn dn d 2 n 
< 1 r L , ^- > + < £ + ri, j-j >= 0. (5.8) 
dv a dv a dv a 

By putting (5.7) into (5.8) we have 

<g + c,b a >=0, < £ + c, 2a - > + < b a ,b a >= 0. (5.9) 
Noting that the third equation of (5.2) implies 

e -2 f+ 2k dY dY 

= e 1 < --v a n + 2v a a + b a , --VpT] + 2v p a + bp > 

We have 

a . -> a . -> 

< ~2 VaT] + 2VaCl + b <*> ~2 V/3?7 + 2Vj8<3 + bfS >= 5af3 ' (5.10) 

By taking v = in (5.10) we have 

-> -> 
< b a , bp >= 5 a p, 

which is the first equation (5.5). By taking a = (3 and differentiating two sides of the 
equation (5.10) by d/dv a , we have 

< -^v a r] + 2v a a + b a , --Tj - -v a — + 2a >= 0. (5.11) 

2 2 2 ov a 

By differentiating the two sides of the equation (5.11) by d/dv a , we have 

a a dn . a a dn 

< ~ ~ v »^~ + 2a > ~~V ~ ^ v «^~ + 2a> 

2 2 dv a 2 2 dv a 

a . -> dn a d 2 n 
+ < -^v a n + 2v a a + b a , -2a- -v ff — >= 0. (5.12) 

2 dv a 2 dv a 

By taking v = and putting (5.7) into (5.11) and (5.12) we get the second equation and 
the third equation of (5.5). This completes the proof of the lemma 5.1. 

We need to discuss the cases a = 0, a < and a > 0. 
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Case I: a = 0. 

Let y denote a component of the unknown vector value function £ in the equation (4.27). 
We consider ordinary equation 

y'" - 2f'y" + ((f) 2 - f" + 1)/ = f'e 2 f. (5.13) 

and the corresponding homogeneous equation: 

/" - 2f'y" + ((f) 1 - f" + 1)/ = 0. (5.14) 

In this case, if we set z = y' then the equations (5.13) and (5.14) are reduced to 

z" - 2f'z' + ((f) 2 - f" + \)z = fe 2f . (5.15) 

z"-2fz' + ((f) 2 -f" + l)z = 0. (5.16) 
So we get two linear independent solutions of (5.16) as follows 

Z\ = e f cosu,Z2 = e^sinw, (5.17) 

Since z\ and z 2 have properties: 

z'i = f'zi - z 2 , z 2 = fz 2 + zi, (5.18) 

z 2 +z 2 2 = e 2f , Zl z\+z 2 z 2 = fe 2f , (5.19) 

It is easy to check that 



i//(u) = zi J z\du + Z2 J Z2<iu (5.20) 

is a special solution of the non-homogeneous equation (5.15). The general solution of 
(5.15) can be expressed by 

z = tff + Azi +Bz 2 , (5.21) 
We use the notations ^0,^1 and y 2 , which are defined as 

yo = J ty, y\ = J zu yi = j ' z 2 - (5.22) 

Then the general solution of (5.15) can be expressed by 

y = y +A yi +By 2 , (5.23) 

where A, B are constant. Thus the general solution of the vector equation (4.27) can be 
expressed as follows: 

^ = 2dy +y,A + y 2 B. (5.24) 
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We are going to determine the constant vectors a, b a , c in (4.28) and A, B in (5.24). 
Since a = 0, from the lemma 5.1 we have 

<a,a>=0, <a,b a >=0, < b a ,bp >= 8 a p, (5.25) 

< b a ,X> yi+ < b a , B* > y 2 + < b a ,c >= 0, (5.26) 

< a,X> yi+ < a, 3 > y 2 + < c,a >= --, (5.27) 

< X, X > z\+ < B*, B* > z\ + 4 < a, X > ij/z\ 

+4 < a, B* > <Az 2 + 2 < X, B* > ziz 2 = e 2f , (5.28) 

y\ <X,X> +yl < B*, Ei > +4 < a, X > y yi 

+4 < a, § > y Q y 2 + 2 < X, B* > y x y 2 + 4 < a, c > y Q 

+2 < X, c > yi + 2 < B*, c > y 2 + < c, c >= 0. (5.29) 

Since Z\,Zi are linear independent, we know that yi,y 2 , 1 are linear independent. From 
(5.26) and (5.27) we have 

< b a , X >=< b a , B >=< b a , c >= 0, 

< a,X>=< a,B >=0, <c,a>=~. (5.30) 
From (5.19), (5.28) and (5.30) we have 

(< X,X > -l)z\ + (<^J> -\)z\ + 2<XJ> zxz 2 = 0. 

Since (5.17) implies that z\, z\ and z\Zi are linear independent, we have 

< X,X >=< B,B >= 1, <A,5>=0. (5.31) 
By putting (5.30) and (5.31) into (5.29) we have 

y\ + y\ - 2y + 2 < X, c > yi + 2 < B, c > y 2 + <c,c>= 0. 

By differentiating this equation and noting that (5.20) and (5.22) imply y' = y\yi + y' 2 y 2 , 
we have 

y\ <X,c> +y' 2 <B,c >= 0, 

which shows 

< X,c >=< B, c >= 0, (5.32) 

and 

y 2 l+ y 2 2 + 2y . (5.33) 
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Since {a, b a , c,A, B, } satisfies (5.30)-(5.32), we can take them, up to a Lorentz transfor- 
mation mR'" +3 , as following fixed vectors: 

a = (i,-i,o,o,--. ,0), e= (c u c 2 , o,o,- ■• ,ox 

^=(0,0, 1,0,- •• ,0), (0,0,0, ,0), 



j a = (0,-- - ,0,1,0,--- ,0), 2<a<m. 

a+2 



Noting < a,c>= ~ (see (5.30)), we have c\ + c 2 = 1/2 and so have 

ci+ < c, c >= ci - Cj + c 2 = -, c 2 -<c, c>=-. (5.34) 
From (5.33) and (5.34) we have 

£ + 77 = (2y + ci + ||v|| 2 , — 2_y + c 2 - ||v|| 2 ,;yi,;y 2 , v 2 , • • • ,v m ) 
= (y\ + y 2 2 + llvll 2 + -, i - iy\ + y\ + IMI 2 + ^),y u y 2 ,v). 

Noting 

p(l,*) = e- f (€ + T]), 

P = e- f (y 2 l +y 2 2 + \\v\\ 2 + ^), (5.35) 
+ IMI 2 ) 2 2(y 1 ,y 2 ,v) 

4(y 2 + y 2 + imp) + 1 ' 4(j 2 + v 2 + imp) + r ' 

We denote a (m - l)-dimensional cylinder surface in i? m+1 as follows: 

3(m,v) = (2yi,2y 2 ,2v), 

where yi = J e f cos wdw, y 2 = f sin wrfw. And denote the inverse stereographic projec- 
tion by <x which is defined by (1.4). Then, from (5.36) we see that 

x = cro3. (5.37) 

Without loosing generality, we can use v instead of 2v and c\, cq instead of 2c\, 2c . 
Then we have 

3(u,v) = cos udu, J" e f s'mudu, v). (5.38) 



we have 



and 



Case II: a ± 0. 

Let 



I = £ + 1(2^-^, (5.39) 
a 2 
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then we can write equation (4.27) as 

T - 2fT + (~ae 2f + (f) 2 - f" + - afe 2 ^ = 0. (5.40) 

From the lemma 5.1 we have 

<l£ >=--,, <l2d-^>=0, <l$ a >=0, <e,?>=e 2f . (5.41) 
a 2 

Subcase II- 1 a < 0. 

In this case, (5.5) shows that 2a - f cf is a time-like vector. We can take, up to a 
transformation in 0(1, m + 2), it and b a as follows: 

2<?-^=(V z H, (),••• ,0), 
b a = (O,--- ,0, l,--- ,0), 2<a<m. (5.42) 

Let 

£=«),••• ,0,1,0,0), £ = (0,--- ,0,0,1, 0),<?=(0,--- ,0,0,1). 

Then we see that {2a - |c,^, ^, Z?,,., } is a Lorentz orthonormal basis in R'" +3 . From 
(5.41) we see that 

|(w) e § 2 (1/ V^) c span{A, B, C) = R 3 . 
Noting that h is defined by (3.53), we can write 

r 1 ( v )-^=e^\\\v\\ 2 d+^ a v a + a-e- h(v) )^ = e h(v \^(2d-^\\v\\ 2 + J]b a v a ). (5.43) 



From (5.41) and (5.43) we have 



a(l + t||v|| 2 ) 2 ^ 



glMI 2 

=o"(l + f||v|| 2 )'l + fl|v 
The Moebius position vector Y of the immersion x is 



1-flMf 

= ( „,, TTTnrii5^(")). (5-44) 



y(«, v) = (p(i,,))(,, v) = g -^> ( ^^iivip) ' IT^MF'^' (5 - 45) 



where 

1 - -llvll 2 

p(M , v) = g -W 4lM| (5 46) 

^(1 + f IMP) 
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and 



V^v 1 + flMI 2 

£111,112' 1 _ £||-,,||2 



U-flMI 2 'l-f||v| 



x(u, v) 

Locally, we can take N m ~ l = {v : v e W"~ l , ||v|| < 2/ yf^a}. Let map 



(5.47) 



denote the inverse stereographic projection to hyperbolic space which is defined by 

v 



m = (■ 



1 - f IMI 2 



^(l + f||v|| 2 )'l + fl|v|| 2 



). 



(5.48) 



Then (5.44) implies 



Hence we have 



(£ + r])(M m ) = <p{N m - 1 ) x |(L) = H m ^(l/ V=fl) x T 2 . 



X(M m ) = n{{\,x)(M m )) = <(£ + r])(M m )) = n{n m ~\\H-a) x T 2 ), 

where X and n are the maps defined in § 1 . 
Subcase II-2 a > 0. 

In this case, (5.5) shows that 2a - |c is a space-like vector. We can take, up to a 
transformation in 0(1, m + 2), it and as follows: 



(5.49) 



(5.50) 



Let 



2£- (0,0,0,- VS.0,-- • ,0), 
4 = (0,--- ,0,1,--- ,0), 2<a<m. (5.51) 

a+2 

A = (1,0,0,0--- ,0), = (0, 1,0,0,- •• ,0), 
£=(0,0, 1,0,.-. ,0), 

Then we see that {2a - \c,A, B, C, b a , } is a Lorentz orthonormal basis in R" ,+3 . From 
(5.41) we see that 

|(m) e H 2 (l/ Vfl) c spm{X, £} = Rj. 
From (5.41), (4.28), (3.53) and (6.51) we have 



f («) + iKv) = 



l - f IMI 2 
"ad + fllvll 2 )' 



1-flMI 2 



VH(l + f|]v|] 2 )'l + fl|v» 2 



). 



(5.52) 
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We can take N m ~ l = R" 1 ' 1 U {oo}. Let map 

iff : R'"- 1 U {00} -> S m-1 (l/VS) 
denote the inverse stereographic projection which is defined by 

■ n _ r 1-flMI 2 v 

Then (5.52) implies 

(g + 77)(M m ) = f(L) x ^AT" 1 ) = T 3 x S m -\l/ VS). 

Hence we have 

X(M m ) = <(l,x)(M OT )) = + rf)(M m )) = n(T 3 x S^l/ V5))- (5.53) 

We will show the meaning of parameter m on the following. As one of the Moebius 
principal curvature of x is -1/m, the curvature sphere corresponding to this principal 
curvature is 

V = E - —Y : AT -» Sr 2 , (5.54) 
m 

where S'f +2 = (Ze R™ +3 :< Z,Z >= 1}, called m + 2-dimensional de Sitter space. The 
second equation of (4.8) shows 

&P 

— = 0, 2 < a < m. (5.55) 

ov a 

This shows that the curvature sphere V degenerates into a curve in S'" +2 . From the first 
equation of (4.8) we have 

dV dV 

<— ,— >=1. (5.56) 
du du 

Hence u is the arc-length parameter of the curvature sphere V. 

On the following we will give the relationship between curves V and £ and explain 
the meaning of the constrain condition (5.40). One hand, from (4.12) we have 

9 = Y m + f'Y u + (-ae 2f + f")Y - e f F aa . (5.57) 

On the other hand, from the first equation of (4.8) we have 

P' = -f'Y-Y u . (5.58) 

Derivation of (5.58) yields 

9" = -f"Y-f'Y u -Y m . (5.59) 
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From (5.57)-(5.59) we get 



-ae 2f Y = P + P" + e f F ao . (5.60) 
By taking v -» in (5.58) and (5.59), using (4.16), (4.26) and (4.28) we have 

<p> = -e~ f ?, (5.61) 

<P + p" = - e f [a(£ + Z) + 2a-^2\. (5.62) 

Hence, for case a = 0, !P is a solution of the following equation 

V" +V = -2e f a. 

For case a ^ 0, by setting 

£ = £ + 1(23- 
a 2 

we get the correspondence between curvature sphere V and the curve | as follows: 

= -fl^| + )', (5.64) 

V' = -e f l', (5.65) 

f = —e~ f (P + V"). (5.66) 
a 

Next step we show that the curves T 2 and T 3 are determined by function /. Let s 
denote the arc parameter of T ; (/ = 2, 3). From (5.41) we see that j- = . By defining 
| = js an d q = ^ , then from (5.40), (5.41) know that | satisfies following equation 
system 

+ qql + (1 + (m - 2)g 2 - (m - 3)ag 2 )| - = 0, (5.67) 

<|,|>=--, <i,|>=l, (5.68) 
a 

It is well- known that a curve in S 2 (l -\p^a)(a < 0) or H 2 (l ^[a)(a > 0) is determined 
by the geodesic curvature, up to a transformation in 0(3) or 0(1,2). We can calculate 
the geodesic curvature k of T, by using (5.67) and (5.68). In fact, the equation (5.67) is 
equivalent to the equation (5.64) and (5.65) which can be rewritten as follows: 

£ = ag + -P, (5.64) 

q 

P = —I (5.65) 

q 
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Thus, by using (5.67) we see that { ^I^^^T) is an orthonormal moving frame along 
the curve and we have 

K =<l,V>=-. (5.69) 

q 

Conversely, It is easy to check that for any smooth function /, the curve with geodesic 
curvature k = in S 2 (l yf^a)(a < 0) or H 2 (l -<Ja)(a > 0) must satisfy the equations 
system (5.67) - (5.68). 

By concluding above all and Theorem 3.1, we complete the proof of Theorem 1.1. 



6 Conformally flat hypersurface in S m+1 (m > 4) 

A Riemannian manifold (M, g) is called conformally flat if there exist conformal coor- 
dinate charts around each point, or - equivalently - if to each point p e M, there exists a 
function u defined on some neighbourhood of this point such that the metric e 2u g on the 
neighbourhood is flat. It is known that M with dimenision greater than 3 is conformally 
flat if and only if its Weyl curvature tensor W vanishes. And M with dimenision 3 is 
conformally flat if and only if its Schouten tensor S is Codazzi tensor. Actually, the 
last three kind of hypersurfaces in Theorem 1.1 are conformally flat according to the 
following proposition. 

Proposition 6.1 Let x : M' n — > S m+1 c R m+2 be a hypersurface with two distinct Moe- 
bius principal curvatures and — of multiplicities 1 and m - 1. Then M is confor- 
mallyflat. 

ProofE Let W = Y^iju Wijucoi ® a>j ®<x>k®wi,S = 2y S tjcot <8> a>j be the Weyl curvature 
tensor and Schouten tensor of x given by 



1 

2(m~- \) 



S tj = R tj -- -RSij, (6.1) 



W m = Rijki —A iJkl , (6.2) 

m-2 

where A ijU = S ik 6ji + S ji6 ik - S u 5 jk - S jk 6 u . From (6.1), (6.2), (2.12) and (2.13) we get 



- B ik Bji - BuBj k - m _2 ^~ BihBhkdji - j h B M 5 ik 

h h 

+ ^ B ih B,,i6 jk + ^ B jh B hk 6n + —(6 ik 6 jX - 8 a 8 jk )], (6.3) 



* h 



From the assumption, (3.11) and (3.12) hold. Put (3.11) into (6.3), we get Wiju = and 
then M with dimension greater than 3 is conformally flat. For M with dimension 3, after 
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calculating the covariant derivations of from (6.1) and (2.12), we can see that S is 
Codazzi tensor if and only if 

B ikJ (B ti + 2B n ) = (2B H + BjjXCjSfk - C k 6 u ). (6.4) 

From (3.11)-(3.12) and m = 3, we get (6.4) and then complete the proof. 
On the other hand, we can have the following important propsition. 

Proposition 6.2 An m- dimensional umbilic-free hypersurface x : M m — » S m+1 (m > 4) is 
conformally flat if and only if its Moebius second fundamental form B has two distinct 
principal curvatures and —— of multiplicities 1 and m — 1. 



Proof£ At a fixed point peMwe can choose a tangent orthonormal frames {£,} of 
(M, g) such that 

B u = B ii 6 i j,l <i,j<m. (6.5) 

Since the Weyl curvature tensor W is curvature tensor, it is determined by {W^}. From 
(6.3) of Proposition 6.1, we get 

WW = BuBjj + -^—(Bl + B 2 n ) - 1 i * j. 

m-2 11 m(m - 2) 

So x is conformally flat if and only if 

BuBjj + -^—(Bl + Bl) - 1 =0,i* j. (6.6) 
m-2 11 m(m - 2) 

From (6.6), by taking i, j, k, I such that they are distinct each other, we have 

BuB kk + -^—{B 2 U + Bl) - 1 = 0, / * k, (6.7) 
m-2 m(m - 2) 

BuBn + -^—(Bl + Bl) - 1 = 0, / * /, (6.8) 
m-2 m(m - 2) 



BjjB kk + -^(Bjj + Bl) - 1 = 
m-2 11 m(m - 2) 



BjjBn + -^(Bjj + Bl) - 1 = 0, j * I, (6.10) 
m-2 JJ m(m - 2) 

B kk B n + -!—(B 2 kk + Bl) - 1 = 0,k * /, (6.11) 
m-2 m(m - 2) 

From (6.6)-(6.11) we have 

(B u -B ii )(B jj -B kk ) = 0, (6.12) 

(B ii -B jj )(B kk -B ll ) = 0, (6.13) 
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(Bjj-B kk )(Bu-Bu) = 0, (6.14) 

(B kk -B u )(B ii -B j j) = 0, (6.15) 

From (6.12)-(6.15) we see that at most two of Bn,Bjj,B kk ,Bu are distinct. This and 
the assumption of umbilic-free imply that there are two of Bu, Bjj, B kk , Bn which are 
distinct. Without losing generality, we suppose B u + Bjj = B kk = B u . Since i, j, k, I are 
distinct each other and range from 1 to m, we know that B u has multiplicity 1 and Bjj 
has multiplicity m - 1. For convenience, we arrange E\, ■ ■ • ,E m such that 

5n = A,B 2 2 = ■■■ = B mm = p. (6.16) 

From (2.13), we have 

m — 1 1 

A= ,p = . (6.17) 

m m 

Since p is arbitrary, we complete the proof of Proposition 6.2. 

Proof of Corallary 1.1: Since the Moebius second fundamental form B has the 
same eigenspaces as the second fundamental form //, from Prop. 6. 2 we know that the 
conformally flat hypersurface M has two distinct principal curvatures and then from 
Prop. 3.1 we know M has non- vanishing Moebius form. Hence we get Corallary 1.1 
from Theorem 1.1. 
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